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Due to disparate formation mechanisms, as for central hot-spot ignition and fast ignition, the
initial temperatures of electron and ions usually differs from each other in the hot spot. Considering
the percipient dependence of fusion cross-section and energy losses on temperature, this difference
manifests the inadequacy of the equilibrium theoretical model in accurately depicting the ignition
condition and evolution of the hot-spot. In this work, we studied a non-equilibrium model and
extended this model to both isobaric and isochoric scenarios, characterized by varying hot-spot
densities, temperatures and expansion velocities. In both cases, a spontaneous self-organization
evolution was observed, manifesting as the bifurcation of ion and electron temperatures. Notably,
the ion temperature is particularly prominent during the ignition process. This inevitability can
be traced to the preponderant deposition rates of alpha-particles into D-T ions and the decreasing
rate of energy exchange between electrons and D-T ions at elevated temperatures. The inherent
structure, characterized by higher ion temperature and lower electron temperature during ignition,
directly contributes to the augmentation of D-T reactions and mitigates energy losses through

electron conduction and bremsstrahlung, thereby naturally facilitating nuclear fusions.

I. INTRODUCTION

In practical researches, there exist two distinct implo-
sion design strategies, i.e., central hot-spot ignition and
fast ignition, characterized by unique processes for the
formation of hot-spots [1]. In the case of central hot-
spot ignition, which is powered by X-rays or lasers, the
D-T gas, along with the surrounding high density D-T
fuel, is compressed inward, leading to the formation of a
high-temperature hot spot at the core of the fuel. Con-
ventionally, the hot spot achieved through this design
maintains nearly constant pressure compared to the sur-
rounding cold fuels [2]. During the implosion process, the
majority of the shock wave energy is deposited into ions,
resulting in elevated ion temperatures, as experimentally
verified [3]. In contrast, the fast ignition scheme sepa-
rates the compression and hot-spot formation processes
[1, 4, 5]. During the compression, the density remains
uniform, necessitating the employment of an isochoric
design [6-8]. After the compression process, a beam of
fast electrons is injected and deposited, resulting in the
formation of a localized hot-spot with electron tempera-
ture significantly higher than that of the ions [5].

The central hot-spot design has remained the prevail-
ing strategy and has attained several milestones in re-
cent years, e.g. burning plasma state [9], ignition [10]
and “scientific breakeven” [11]. Despite the achievement
achieved, there are still unresolved facets of new physics
within the burning plasmas and ignition processes, as
detailed in [9, 12, 13]. These include kinetic effects and
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the energy transfer mechanisms of a-particles during the
self-burning processes, as evidenced in [14].

Concerning the unresolved ignition queries, previous
theoretical efforts have primarily resorted to the simpli-
fied equilibrium model [15-19]. For the sake of simplicity,
it has become a common assumption to presume nearly
identical ion and electron temperatures throughout the
entire ignition process [20, 21]. However, this approach
seems to overlook the likelihood of non-equilibrium ion
and electron temperatures. We hypothesize that, at high
temperatures, the equilibrium condition might be dis-
rupted due to different heating mechanisms acting on
ions and electrons, resulting in distinct evolution.

In Z. F. Fan’s work, the ion-electron non-equilibrium
ignition was theoretically studied through the introduc-
tion of a two-temperature mode [22]. They consider sep-
arate thermal equilibrium of ions and electrons at tem-
peratures T; and T, (T; # T.). Consequently, these two
components evolve independently with energy exchange
adjusting between them due to ion-electron collisions.
According to their findings, an initially higher hot-spot
ion temperature compared to electrons enhances nuclear
reactions and reduces energy loss of electron conduction
and bremsstrahlung, thereby facilitating ignition. Build-
ing upon their model, we further develop an isochoric
model for fast ignition, depict the ignition condition in
different cases, and provide a detailed analysis of differ-
ent heating stages during both hot-spot ignition and fast
ignition processes. In the context of fast ignition, the
disparity between ion and electron temperatures exerts
a significant influence on the heating process due to ex-
treme density, offering valuable insights for optimizing
the hot-spot formation process. Additionally, disparate
deposition rates of alpha-particle heating to ions and elec-
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trons lead to the bifurcated evolution of ion and electron
temperatures, ultimately and naturally benefiting igni-
tion.

The organization of this paper is as follows. In Section
II, we introduce the equations that form the basis of our
non-equilibrium model. Subsequently, Section III offers
an overview of the data sources employed and presents
our simulation outcomes for both the isobaric and iso-
choric models. Furthermore, Section IV delves into a the-
oretical analysis of the distinct temporal stages observed
in the heating process. Lastly, Section V concludes the
paper by summarizing our key findings and discussing
their implications.

II. NON-EQUILIBRIUM MODEL

The hot-spot, characterized by its radius Ry and total
density pp, can be simplified as comprising two compo-
nents: D-T ions and electrons. Assuming ion tempera-
tures and pressures are denoted as T;, P; and electron
temperatures and pressures as T., P;, we define the hot-
spot equilibrium temperature as T), = (T; + T¢)/2 and
introduce a non-equilibrium factor, f = T;/T},.

During ignition, the alpha particles produced by D-T
reactions, primarily concerned with the ion temperature
T;, deposit energy into the hot spot at a total power of
Wo = Aaps(ov) fa, with A, = 8 x 100 erg/g?. Here,
(ov) is the cross-section of D-T fusion, expressed as a
function of T; [1]. The deposition rate of « in hot spots
fa has a form of
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where 7, ~ 9 x In App Ry,/ TS /2 This energy deposition
heats the ions and electrons in the hot-spot by fractions of
fai =Te/(32+4T.) and fa. = 1 — fq;, respectively, where
T. is given in keV [23]. The energy losses in the sys-
tem occur through electron thermal conduction with the
surrounding main fuel, given by W, = 34T /2 /R3/In A
with A, = 9.5 x 10" erg s~ 'em~'keV~7/2, and through
electron bremsstrahlung W, = Arp%Tel 2 with A, =
3.05 x 10% erg cm®g 25 'keV~1/2. The Coulumb loga-
rithm In A can be expressed as 0.5 x In [1 + (bmin/bmax)2]
[24] where b, is the maximum between the classical
impact parameter and the De Broglie wavelength, and
bmax is the Debye length. Additionally, the expansion
of the ions and electrons within the hot spot, together
with speed wp, contributes to energy loss with pow-
ers of W, ;, = 3Puy/Ry, and Wy, . = 3P.up/Ry, re-
spectively. Furthermore, energy exchange between ions
and electrons occurs through collisions, contributing to
a power of Wie = Ay eipr InA(T; — Te)/T5/2, where
Ay i = 5.6 x 10" kJ em3g =257 ke V1/2,

The temporal evolution for the temperatures of ion and
electron energies, accounting for both the energy gains

and losses in the hot spot, are expressed as follows [22]:

dT;

CV,ipig = Wafai — Wie = Wh i, (2)
dT,

Cvﬁepeg =Waofae + Wiec — Wm,e - W, =W, (3)

where Cy; and Cy,. are the specific heat of ions and
electrons respectively; p; and p. are the density of ions
and electrons.

Energy spreading outside the hot spot, include electron
bremsstrahlung power W, and electron thermal conduc-
tion W,. The latter contributes to main fuel ablation, ul-
timately increasing the hot spot mass, which is expressed
as [20, 21, 25]:

dPth _ [Wr+We+Wa(1_fa)/fa]Vh (4)
dt Cv,iT‘i + Cv,eTe .

Our primary interest lies in the density variation, there-
fore, we formulate the contribution of volume V};, and
rewrite Eq. (4) as
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considering the hot-spot expansion rate given by

dRp

W = Up- (6)
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FIG. 1: Schematic description of isobaric and isochoric
hot-spot ignition models.



In our research, significant attention is focused on the
stagnation moment, which lies between the end of com-
pression and the decomposition of the hot spot. This
transient yet pivotal moment exhibits distinct behaviors
in response to various ignition approaches. In the case of
central hot-spot ignition, the hot spot follows the isobaric
description, where its pressure approximates that of the
surrounding cold fuel, resulting in minimal alterations to
its radius [21, 26]. Conversely, the fast ignition scheme
features a hot spot density that closely mirrors the cold
fuel, utilizing the isochoric model [6]. Consequently, hot
spots expand due to pressure differentials. The intricate
relationship between these models is graphically repre-
sented in Fig. 1. The respective expansion rates for these
models are mathematically described in [1],

~ 0, Isobaric Model
(7)

c
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where I'p is related to the Boltzmann constant, for D-T
fuel, Tp = 4kp/(2m, + 5m,) = 7.66 x 10™ erg/(g keV);
pr and p. are respectively the density of the hot spot and
the main fuel.

By solving the aforementioned set of four differential
equations, we obtain valuable insights into the ignition
processes, which are elucidated in Section III.

III. NUMERICAL RESULTS

In the previous section, we have listed a set of differen-
tial equations for temporal evolution of physical quanti-
ties. In this sections, this set of equations are numerically
solved and displayed. In Table I, the initial parameters
are displayed, and especially, the areal density is kept the
same in both models for a consistent comparison between
them.

TABLE I: Numerical configurations of the initial state,
including the radius, density and temperature of the hot
spot, for both isobaric and isochoric models.

Scheme Ry, (pm) pn (g/cm?) Ty (keV)
Isobaric Model 100 100 8
Isochoric Model 10 1000 8

To investigate the non-equilibrium dynamics compre-
hensively, we conduct numerical analyses with initial
states of various conditions for both isochoric and iso-
baric models. Our study involves analyzing the temporal
evolution of electron temperature and ion temperature.
Additionally, we explore the distribution of initial val-
ues leading to successful ignition within the phase space
(areal density and temperature) over a finite time. These
analyses aim to delineate the ignition thresholds associ-
ated with distinct equilibrium factors and models.

A. Isobaric Model

Figure 2 is the temperature evolution for the isobaric
model. From this evolution curve, we can find that elec-
trons and ions first undergo energy exchange with each
other, similar to a relaxation process [27]. Then the tem-
perature of two species rise steadily until it reaches a cer-
tain value. During the entire process, a remarkable phe-
nomenon occurs: after reaching a specific value, the tem-
peratures of ions and electrons spontaneously diverge,
ultimately reaching their saturated states. This heating
process can be therefore broadly categorized into four dis-
tinct stages, and in the following we will elucidate each
of them.
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FIG. 2: In the isobaric model, with areal density of
pnRy = 10g/cm?, the ion and electron temperature rise
as a function of time for different initial non-equilibrium
factors f = 0.8, 1 and 1.2. These two temperatures
would finally become bifurcated and reach saturated
values.

Under the influence of the non-equilibrium factor, we
can find that the ignition is more prominent when the
non-equilibrium factor is high, which means the initial
temperature of ions is higher than that of electrons.

B. Isochoric Model

Figure 3 reveals that the temporal evolution of temper-
atures for the isochoric model is quite similar with that of
the isobaric model. The influence of the non-equilibrium
factor remains consistent with that observed in the iso-
baric model. Notably, the temperature of ions plays a
pivotal role in the heating process. However, there still
exits two main differences. Firstly, if the time duration
is significantly extended, the temperature of both ions
and electrons will decrease as a result of the expansion
of the hot-spot, and this trend is more significant in the
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FIG. 3: In the isochoric model with an areal density
pnRy = 10 g/cm?, the ion and electron temperature rise
with time at different initial non-equilibrium factors
f=0.8,1, and 1.2. These two temperatures will
become bifurcated and eventually decreased due to
expansion.

isochoric model. Secondly, by comparing the first 5 ps
in Fig. 2 and Fig. 3, we observe significant differences in
between the isobaric and isochoric models. Notably, in
the isochoric model, DT hot-spot heats up considerably
faster than the isobaric model, resulting in a much higher
peak temperature.

C. Ignition Condition

The ignition threshold curve establishes the boundaries
within the initial phase space (areal density and tem-
perature) that permit successful ignition within a finite
time span. Specifically, an excessively low areal density
is precluded as it hinders electron heat conduction at el-
evated temperatures, as discussed in [28]. Conversely, a
high areal density enables the temperature to approach
closely the critical value of 4.3 keV, which is essential for
self-heating.

In comparison, the isobaric model exhibits less strin-
gent ignition requirements than the isochoric model. Re-
gardless of the model chosen, an increase in the non-
equilibrium factor plays a pivotal role in expanding the
ignition area. This underscores the positive impact of
enhancing the non-equilibrium factor, which effectively
lowers ignition thresholds.

IV. ANALYSIS OF IGNITION EVOLUTION

Our focus will primarily be on analyzing the isobaric
model. As mentioned in Section IIIB, the isochoric
model exhibits similarities to the isobaric model in terms
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FIG. 4: The ignition condition for both isobaric and
isochoric models. When the initial condition of the hot
spot is above the curve, the ignition would take place.

of its physical characteristics. However, a key distinc-
tion lies in the final process, which is influenced by the
dominance of expansion power.

In the ignition process, depicted in Fig. 5, intrigu-
ing phenomena emerge, indicating that the heating pro-
cess can be segmented into four distinct stages: thermal
equilibrium (Stage A), co-heating (Stage B), bifurcated
heating (Stage C), and attaining saturated temperatures
(Stage D). We aim to delve into each of these processes
and provide a theoretical analysis. Fig. 5 also illustrates
the power per volume throughout the ignition process.
Notably, the expansion work in the isobaric model is ig-
nored. The exchange energy between ions and electrons,
however, is influenced by both the temperature of the
ions and electrons, necessitating the utilization of an ab-
solute value for this particular energy component.

A. Reaching a Dynamic Equilibrium

At the beginning, the average temperature of ions and
electrons does not increase significantly, but the temper-
ature difference gradually decreases, as presented in the
Stage A of Fig. 5. We therefore subtract Eq. (2) and
Eq. (3), to derive the temperature differences between
ions and electrons. With relations Cv,; = 3kg/(2m;),
Cv,e = 3kp/(2m.), and Cy,;p; = Cy,epe, we can get

dAT T. — 32keV
iPi =Wa —2W;
R T s 8)

- m,i + Wm7e + Wr + We

where AT = T; — T.. In the isobaric model, up ~ 0,
meaning that the expansion of ions and electrons does
not contribute to energy loss. Consequently, both Wy, ;
and W,, . are zero. At the beginning of the ignition
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FIG. 5: The ignition process for an isobaric model, with T;, T., Wy, W;, W,. and W, evolving as a function of time.

process, when the electron and ion temperature is suffi-
ciently low, W, « (ov), which highly depends on the ion
temperature [1], W, T)/* and W, o T./?. Instead,
Wie o< AT - Te_?’/ 2, which means that at low tempera-
tures, energy exchange between the ions and electrons
dominates, as demonstrated in Fig. 5. Also, due to the
AT dependence and the large coefficient A, ¢; in the ion-
electron energy exchange power W,., it will dominate for
a while before the temperature reaches a high level. Con-
sequently, the temperature difference between ion and
electron starts to shrink, reaching a dynamic equilibrium.
However, when the initial temperature difference is min-
imal (i.e., f is close to 1), the process becomes less dis-
tinct, as it can be interpreted as having reached a state
of dynamic equilibrium.

B. Co-Heating as an Equilibrium Model

As the ion and electron temperatures converge, they
can be heated simultaneously under the influence of an
increasing a-particle heating power W, as shown in B
stage of Fig. 5. During this process, the ion-electron
collisions maintain their close temperatures dynamically,
by balancing the terms, e.g., Wy (fai — fae), 2Wie, W,
and W, in Eq. (8). During the B stage depicted in Fig.
5, the a-heating power significantly surpasses other en-
ergy loss powers, resulting in a co-heating process. How-
ever, as the electron temperature T, rises, the electron
conduction power experiences a remarkable increase due
to its Ty /2 dependency. When the electron temperature
approaches approximately ~ 32 eV, W, (fai — fae) un-
dergoes a sign change, indicating that the difference be-

tween the a-particle heating contributions to the ion and
electron temperatures is poised to reverse. These ob-
servations suggest that the balance maintained by the
ion-electron collisions in Eq. (8) may be disrupted.

C. Bifurcated Heating

In Stage C depicted in Fig. 5, the evolution of the
ion and electron temperatures, 7; and T, diverges sig-
nificantly. This divergence can be attributed to the
weakened ion-electron energy exchange power, W;,
AT/(T.)?/? at high electron temperatures, as well as the
differing energy loss and heating mechanisms between
ions and electrons.

The heating effect on electron temperature is signifi-
cantly suppressed, while ion temperature heating remains
robust during Stage C. For electrons, the significant en-

hancement in electron conduction loss, W, o 1! /2 1028
strongly constrains the growth of the electron tempera-
ture, T.. As evident in Eq. (3), the a-particle heating
power, W, ~ 10?8 is effectively suppressed by W,. Fur-
thermore, the electron temperature T, increases at a rate
proportional to Wj, oc AT/(T,)?/?, which is insufficient
to keep up with the increasing temperatures. This trend
is clearly illustrated in Fig. 5. Consequently, the electron
temperature exhibits a slow growth (AT, ~ 5 keV) that
can be disregarded, resulting in a gradual increase of W,
towards a maximum value. Meanwhile f,; and f,. re-
main virtually unchanged, and W;. exhibits a nearly lin-
ear increase with o AT. For ions, we delve into Eq. (2)
and discover that they lack a significant energy loss mech-
anism besides transferring energy to electrons through



collisions. Given the slow but steady increase in the rela-
tively low energy exchange power W, the heating effect
from a-particles, represented by W,; = W, f,; dominates
the ion temperature growth, resulting in a significant in-
crease. Consequently, T; rises extremely rapidly, eventu-
ally pushing the ion-electron energy exchange power W;,
to a notably high level. Meanwhile, the decreasing value
of f, is accompanied by a weakening of W,. To conclude,
we refer to Eq. (8), which reveals that the difference in a-
particle heating, W, (fui — fae) ~ 1027, is significant. Ad-
ditionally, the ion-electron energy exchange power, which
is slowly increasing, contributes 2W;, ~ 10%6=27 to the
overall heating process. However, the dominant factor is
the electron conduction loss, estimated to be W, ~ 1028.
Consequently, the ion and electron temperatures diverge
significantly as they evolve.

D. Reaching Saturated Temperatures

During the stage D depicted in Fig. 5, a saturation
phenomenon becomes evident in both ion and electron
temperatures. We have mentioned the slowly growing
electron temperature T., electron conduction loss W,
the increasing ion temperature 7;, ion-electron energy
exchange W, and the decreasing a-particle heating W,
in stage C. With an increasing temperature gradient,
the energy exchange W;. between ions and electrons sig-
nificantly intensifies. This enhancement allows the en-
ergy exchange to be comparable with both the electron
thermal conduction loss W, and the a-particle heating
Wa fae, ultimately, a balance is achieved between the
energy loss and gain for electrons. Subsequently, the
electron temperature nearly attains a state of satura-
tion. Later, with the increase of T;, the a-particle heating
power decreases, while the ion-electron energy exchange
Wie continues to adjust, maintaining the saturation of
the electron temperature T,. FEventually, the heating
power from a-particles, represented by W, W, will de-
cline to a certain low level, reaching a balance with the
ion-electron conduction W, as expressed in Eq. (2). This
balance contributes to the saturation of the ion temper-
ature 7Tj.

The intricate internal plasma environment poses sig-
nificant non-linear constraints, stemming from the di-
verse energy gain and loss mechanisms at play. How-
ever, the ion-electron energy exchange, functioning as a
self-regulating quantity, dynamically adjusts in response
to the varying energy gain and loss mechanisms of ions
and electrons, ultimately leading to the saturation phe-
nomenon. This phenomenon serves as a vivid illustra-

tion of the complex non-linear constraints inherent in
fusion plasmas. Furthermore, our results underscore a
non-isothermal phenomenon that plays a pivotal role in
enhancing the efficient burning of hot-spots. Notably, the
primary energy loss mechanism in hot-spots is closely
linked to the electron temperature, whereas the fusion
heating mechanism exhibits a positive correlation with
ion temperature. This dynamic imbalance gives rise to a
non-equilibrium hot-spot model, which emerges as an in-
evitable outcome and represents one of our most valuable
predictions.

V. CONCLUSION AND DISCUSSIONS

In our research, we delve into a non-equilibrium model,
extending it to consider both isobaric and isochoric con-
ditions. These conditions exhibit variations in the den-
sities, temperatures and expansion velocities of the hot
spot. Our results reveal intriguing self-organization phe-
nomena in ion and electron temperatures during the ig-
nition process. Specifically, we find that ion temperature
dominates over the electron temperature in this process.
This phenomenon arises due to the significant heating
effect caused by alpha particles, as well as the distinct
deposition rates of alpha particle heating at high tem-
peratures. Additionally, the reduced rate of energy ex-
change between electrons and D-T ions contributes to the
observed bifurcation. During ignition, the inherent struc-
ture of higher ion temperature and lower electron tem-
perature directly promotes the enhancement of the D-T
reaction and reduces energy loss through electron con-
duction. Consequently, our ion-electron non-equilibrium
model holds promise for improving inertial fusion ignition
performed at current mega-joule laser facilities.
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